We study Abelian projection of quark confinement in SU(3) quenched lattice QCD, in terms of the dual superconductor picture. In the maximal Abelian gauge, we perform the Cartan decomposition of the nonabelian gauge field on a 32
I. INTRODUCTION
To understand the quark confinement mechanism is one of the most important unsolved issues remaining in theoretical physics [1] , since quarks were introduced to particle physics in 1960's. It is also identified as an extremely difficult mathematical problem to derive quark confinement directly from quantum chromodynamics (QCD), which was established as the fundamental theory of the strong interaction in 1970's. The difficulty is considered to originate from nonabelian dynamics and nonperturbative features of QCD, which are quite different from the case of quantum electrodynamics (QED). Indeed, it remains unclear whether quark confinement is peculiar to the nonabelian nature of QCD or not.
Quark confinement is phenomenologically interpreted with a linear interquark potential at long distances [1] . Although its analytical proof is not yet known from QCD, lattice QCD Monte Carlo simulations show that the static quark-antiquark (QQ) potential is well reproduced by a sum of the Coulomb and the linear confinement terms as [1] [2] [3] V (r) = − A r + σr + C,
with the interquark distance r, the string tension σ, the color-Coulomb coefficient A, and an irrelevant constant C. Thus, the strength of quark confinement is controlled by the string tension σ, the linear slope of the interquark potential.
The linear confinement term σr is considered to be caused by "one-dimensional squeezing" of the interquark color-electric flux, which is shown by lattice QCD studies [1] . Historically, such a one-dimensional property of hadrons leads to several interesting theoretical frameworks such as the string theory, the flux-tube picture [4] , and the Lund model [5] for hadron reactions based on the Schwinger mechanism. Nevertheless, the physical origin of the color-flux squeezing is not yet enough understood.
For the one-dimensional color-flux squeezing, the dualsuperconductor picture, proposed by Nambu, 't Hooft and Mandelstam in 70's [6] , seems to provide a plausible scenario. In this picture, the QCD vacuum is assumed as "dual superconductor", i.e., the electro-magnetic dual version of superconductor, and the electric-flux squeezing is caused by the dual version of the Meissner effect in superconductors, similar to the formation of the Abrikosov vortex (see Fig. 1 ). This picture provides us with a guiding principle of modeling of quark confinement. For example, based on the dual superconductivity, the dual Ginzburg-Landau theory [7] is formulated as a low-energy effective model of QCD, and describes confinement phenomena and the flux-tube structure of hadrons.
However, there are two large gaps between the dual superconductor and the QCD vacuum:
• The dual superconductor is governed by an Abelian U(1) gauge theory like QED, while QCD is a nonabelian SU(3) gauge theory.
• The dual superconductor requires condensation of color-magnetic monopoles, i.e., the electromagnetic dual version of Cooper-pairs, while QCD does not have such monopoles as elementary degrees of freedom. In the dual-superconductor picture, the QCD vacuum is regarded as an electro-magnetic dual version of the superconductor: interquark color-electric flux is squeezed into a onedimensional form due to magnetic-monopole condensation.
On account of these two gaps, it looks hard to define the dual-superconducting picture precisely from QCD. Indeed, the gluon field in QCD has both diagonal and offdiagonal parts, As a possible solution to fill the above two gaps, 't Hooft proposed "Abelian projection" [8, 9] , a mathematical procedure to reduce QCD to an Abelian gauge theory including monopole degrees of freedom. In particular, lattice QCD studies [10] [11] [12] [13] indicate that the maximally Abelian (MA) projection, a special Abelian projection, seems to be successful to extract infraredrelevant abelian degrees of freedom from QCD. (The concept of Abelian projection may have wide utility, and it is recently applied to multiband superconductors in condensed matter physics [14] .)
The MA projection has two steps: (i) the diagonal part of gluons A µ · H is maximized by minimizing the off-diagonal part
QCD under the gauge transformation [10] [11] [12] [13] . This procedure called MA gauge fixing is a partial gauge fixing remaining Abelian gauge degrees of freedom of U (1) 2 . (ii) SU(3) QCD is projected onto a U (1) 2 Abelian gauge theory by dropping off the off-diagonal part of gluons,
It is known that the MA projected Abelian theory well reproduces QCD phenomena at long distance, which is called "Abelian dominance" [9, [11] [12] [13] 15] . As a remarkable fact in the MA gauge, color-magnetic monopole appears as the topological object corresponding to nontrivial homotopy group π 2 (SU(3)/U(1)
2 ) = Z 2 [8, 9, 15] . Thus, by the MA projection, QCD is reduced into an Abelian gauge theory including both electric and magnetic-monopole currents, which is expected to provide a theoretical basis of the monopole-condensation scheme for the confinement mechanism. Several lattice QCD studies show appearance of monopole worldlines covering the whole system [10, 12] and the magnetic screening [16] , which suggest "monopole condensation". Thus, the QCD system resembles dual superconductor by way of the MA projection. However, such lattice studies have been demonstrated mainly in simplified SU (2) color QCD, and there are only several pioneering studies on Abelian dominance of quark confinement in actual SU(3) color QCD [17] [18] [19] .
In this paper, we perform the quantitative analysis for the MA projection of the QQ potential in SU(3) QCD at β = 6.4 on a 32
4 lattice and at β = 6.4 on a 16 3 × 32 lattice at the quenched level. Then, we examine Abelian dominance of quark confinement. After the MA gauge fixing, the SU(3) link variables are factorized with respect to the Cartan decomposition of SU(3) into U(1) 2 and SU(3)/U (1) 2 . Then, we calculate the original SU(3) QQ potential V (r), the Abelian part V Abel (r), and the off-diagonal part V off (r). For each sector, we investigate both linear confinement and Coulomb parts through the accurate fit analysis.
II. CARTAN DECOMPOSITION IN SU(3) MA GAUGE
In the lattice QCD formalism, the gauge field is described by the link variable U µ (s) = e iagAµ(s) ∈ SU(3), with the lattice spacing a and the gauge coupling g. To perform the SU(3) MA gauge fixing, we maximize
under the SU(3) gauge transformation
with Ω(s) ∈ SU(3). Let U MA µ (s) ∈ SU(3) be the link variables in the MA gauge. We extract the Abelian part of the link variables
by maximizing the norm Re tr U MA µ (s)u † µ (s) . The offdiagonal part of the link variables is defined as (5) which leads to the Cartan decomposition of SU(3) group,
There remains the residual U(1) 3 × U(1) 8 gauge symmetry in the MA gauge, because R MA in Eq. (2) is invariant under the U(1) 3 × U(1) 8 gauge transformation
with ω(s) ∈ U(1) 3 ×U(1) 8 . By the residual gauge transformation (7), u µ (s) and M µ (s) transform as
where M µ (s) keeps the form of e
2 . Then, the Abelian link variables u µ (s) behave as gauge variables in U (1) 2 lattice gauge theory, which is similar to the compact QED. As mentioned above, the MA-projected Abelian theory has not only the electric current but also the magnetic-monopole current.
III. SETTING FOR NUMERICS AND CARTAN DECOMPOSITION OF THE QQ POTENTIAL
For the numerical analysis, we perform SU(3) quenched lattice QCD Monte Carlo simulations using the standard plaquette action at β ≡ 6/g 2 = 6.4 on the 32 4 lattice. Here, the lattice spacing is fairly fine as a ≃ 0.058(7) fm, which is determined so as to reproduce the string tension of σ = 0.89 GeV/fm. For comparison, we also investigate a coarse lattice at β = 6.0 (a ≃ 0.105(14) fm) on the 16 3 × 32 lattice. After a thermalization of 20000 sweeps, we sample the gauge configuration every 500 sweeps. Thus, we generate 70 and 250 gauge configurations for β = 6.4 and 6.0, respectively.
We calculate the QQ potential
from the Wilson loop
Here, C denotes the closed r×t rectangle trajectory, and · · · is the statistical average over the gauge configurations. (See Appendix A for the details of the calculation method.) We consider the interquark distance 2 ≤ r ≤ 17 for β = 6.4, and 1 ≤ r ≤ 8 for β = 6.0 in the lattice unit. To calculate the QQ potential accurately, we adopt the gauge-invariant smearing method, which reduces the excited-state components and enhances the ground-state overlap in the QQ system [2, 3] . On the error estimate, we use the jackknife method. We also calculate the MA projection of the QQ potential
from the Abelian Wilson loop in the MA gauge W C [u µ (s)], which is invariant under the residual Abelian gauge transformation (8) . For the off-diagonal part of the QQ potential
we fix the residual Abelian gauge symmetry (8) by taking the U(1) 3 × U(1) 8 Landau gauge, which is performed by maximizing
Re tr (u µ (s)), under the gauge transformation (8).
IV. PERFECT ABELIAN DOMINANCE OF QUARK CONFINEMENT AND SUMMATION FORMULA
Figure 2(a) shows the SU(3) lattice QCD results of the original QQ potential V (r), the Abelian part V Abel (r), and the off-diagonal part V off (r). The main panel of Fig. 2(a) shows the data on the fine lattice at β = 6.4, and the inset the data on the coarse one at β = 6.0. For each part, we show the best-fit curve of Eq. (1), and the fit analyses are summarized on the first to third lines in Tables I and II. As a remarkable fact, we find almost perfect Abelian dominance of the string tension, σ Abel ≃ σ, on the fine lattice at β = 6.4, as shown in the inset of Fig. 2(a) and the first and second lines in Tables I. On the other hand, the off-diagonal part V off (r) has almost zero string tension, σ off ≃ 0, and is almost pure Coulomb-type potential. Note that, as shown in the first and second lines in Table II , we find only approximate Abelian dominance, σ Abel ≃ 0.9σ, on the coarse lattice at β = 6.0, which was reported in the previous studies [17, 18] . In fact, perfect Abelian dominance of quark confinement is realized on the fine lattice at β = 6.4 near the continuum limit.
To demonstrate the perfect Abelian dominance conclusively, we investigate V (r) − V Abel (r) through a fit analysis with the Coulomb-plus-linear ansatz of Eq. (1) (fit 1) and the pure Coulomb ansatz of Eq. (1) with σ = 0 (fit 2). In the case of the fine lattice at β = 6.4, as shown on the fifth line in Table I , the fit 1 indicates no difference between the string tensions in V (r) and V Abel (r) with almost perfect precision. Moreover, V (r) − V Abel (r) is well described by the pure Coulomb ansatz (fit 2), because χ 2 /N df is small on the sixth line in Table I , and because fits 1 and 2 are consistent as shown in the main panel of Fig. 2(c) .
In the case of the coarse lattice at β = 6.0, however, we cannot see the perfect Abelian dominance of the string tension. As shown on the fifth line in Table II , the fit 1indicates a finite difference between the string tensions in V (r) and V Abel (r). The pure Coulomb ansatz for V (r) − V Abel (r) seems rather worse as χ 2 /N df ≃ 6.7, and fits 1 and 2 have a significant discrepancy as shown in the inset of Fig. 2(c) . Therefore, we conclude that the perfect Abelian dominance of the string tension can be seen on the fine lattice at β = 6.4, but cannot seen on the coarse lattice at β = 6.0.
In contrast to Abelian dominance for the long-distance confinement properties, there is a significant difference between V (r) and V Abel (r) in the short distance. For the accurate analysis of the short-distance behavior of the potential, fine lattices are necessary, and it is preferable to use our results obtained on the fine lattice at β=6. 4 . From the analysis of the QQ potential V (r), the Abelian part V Abel (r) and the off-diagonal part V off (r), we newly find a simple but nontrivial summation formula of
as shown in Fig. 2(b) . This summation formula (12) indicates that the short-distance difference between V (r) and V Abel (r) is almost complemented by the off-diagonal Table I . This result is consistent with the previous studies [17, 18] . part V off (r). Note however that, in the nonabelian theory, this simple summation formula is fairly nontrivial, because the link variables are not commutable. In general, one finds
i.e.,
, and therefore the summation formula (12) is nontrivial.
V. SUMMARY AND CONCLUDING REMARKS
We have studied MA projection of quark confinement in SU(3) QCD on a fine lattice with β = 6.4 (i.e., a ≃ 0.058 fm) and 32 4 , by investigating the QQ potential V (r), the Abelian part V Abel (r), and the off-diagonal part V off (r). Remarkably, we have found almost perfect Abelian dominance of the confinement force, or the string tension, on the fine lattice. In addition, we have newly found a nontrivial simple summation formula of
Thus, in spite of the nonabelian nature of QCD, quark confinement is entirely kept in the abelian sector of QCD in the MA gauge. In other words, abelianization of QCD can be realized without loss of quark confining force by the MA projection. This fact would be meaningful to understand the quark confinement mechanism in the nonabelian gauge theory of QCD.
Appendix A
In this Appendix, we explain the details of the method to extract the QQ potential.
For each interquark distance r, we measure the on-axis data of the QQ potentials V (r) from the Wilson loop
To enhance the ground-state component in the Wilson loop, we use the smearing method with the smearing parameter α = 2.3, and the iteration number N smr = 60 for β = 6.4 and N smr = 40 for β = 6.0. We extract V (r) from the leastsquares fit with the single-exponential form
Here, we choose the fit range of T min ≤ t ≤ T max such that the stability of the so-called effective mass
is observed in the range of T min ≤ t ≤ T max − 1. We also measure the QQ potentials of the Abelian part V Abel (r) and the off-diagonal part V off (r), by going through the same procedure.
In Tables III and IV , we list the single-exponential fit for the Wilson loop W (r, t) , the Abelian Wilson loop W Abel (r, t) , and the off-diagonal part W off (r, t) as in Eq. (A1). To show the quality of the fit, we list the chi square per degree of freedom χ 2 /N df for each fit. Figures 3 and 4 show the effective mass plots for each part in the lattice unit at β = 6.4 and 6.0, respectively. Owing to the smearing, the effective mass seems to be stable even for small T . The iteration number N smr for each part is displayed in the captions of Figs. 3 and 4.
TABLE III: Lattice QCD results for the QQ potentials with β = 6.4 and 32 4 in the lattice unit. For each interquark distance r, the best-fit parameter set (V, C) is listed in the function form of Eq. (A1) in the listed range of t. The statistical errors listed are estimated with the jackknife method, and χ 2 /N df are also listed. 
